Abstract. Suppose that O L is the ring of integers of a number field L, and suppose that
Introduction and Statement of Results
If k ≥ 4 is even, then let M k (resp. S k ) denote the finite dimensional C-vector space of weight k holomorphic modular forms (resp. cusp forms) on SL 2 (Z). Furthermore, let M ! k denote the infinite dimensional space of weakly holomorphic modular forms of weight k with respect to SL 2 (Z). Recall that a meromorphic modular form is weakly holomorphic if its poles (if any) are supported at cusps. We shall identify a modular form on SL 2 (Z) by its Fourier expansion at infinity f (z) = n≫−∞ a f (n)q n , where q := e 2πiz . Suppose that O L is the ring of integers of a number field L, and suppose that
is a normalized Hecke eigenform for SL 2 (Z). We say that f is non-ordinary at a prime p if there is a prime ideal p ⊂ O L above p for which
Very little is known about the distribution of non-ordinary primes. We recall the following well-known open problem (see Gouvêa's expository article [2] ).
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Problem. Are there infinitely many non-ordinary primes for a generic normalized Hecke eigenform f (z)?
We do not solve this problem here. It remains open. However, we establish the following related result. Theorem 1.1. If S is a finite set of primes, then there are infinitely many normalized Hecke eigenforms for SL 2 (Z) which are non-ordinary for each p ∈ S.
Remark. The proof of Theorem 1.1 relies on a general theorem about the Fourier coefficients of weakly holomorphic modular forms modulo p (see Theorem 2.5). For normalized Hecke eigenforms, this general result incorporates classical results of Hatada [3] (in the case where p = 2 and 3) and Hida [4, 5, 6] (for primes p ≥ 5) on non-ordinary primes.
Remark. The proof of Theorem 1.1 is constructive. Suppose that S = {p 1 , p 2 , . . . , p m } is a finite set of primes. Suppose that k ≥ 12 is an even integer. If for each p ∈ S there is a choice of t ∈ A = {4, 6, 8, 10, 14} for which (p − 1)|(k − t), then every prime in S is non-ordinary for every normalized Hecke eigenform f ∈ S k . The earlier work of Choie, Kohnen and the third author [1] is eclipsed by this result thanks to the flexibility in the choice of t above.
In Section 2 we recall certain facts about modular forms, and we prove Theorem 2.5. The proof is elementary. In Section 3 we obtain Theorem 1.1 as a simple consequence when p ≥ 5, combining with the known result on p = 2, 3, and in Section 4 we offer some numerical examples.
Preliminaries
2.1. Nuts and Bolts. As usual, let ∆(z) ∈ S 12 be the cusp form
and, for even k ≥ 4, let E k (z) ∈ M k be the normalized Eisenstein series
where the rational numbers B k are the usual Bernoulli numbers given by the generating function
For convenience, we let E 0 (z) := 1. Finally, we let j(z) be the usual modular function
Finally, for convenience, if k ∈ 2Z, then throughout we define δ(k) ∈ {0, 4, 6, 8, 10, 14} so that
In the proof, we need the following propositions.
Proposition 2.1. A normalized Hecke eigenform is non-ordinary at p if there is an m ≥ 1 such that a f (p m ) ≡ 0 (mod p).
Proof. This follows from the fact that T p f (z) = a f (p)f (z) for every prime p when f (z) is a normalized Hecke eigenform of weight k. Here T p is the p-th Hecke operator. In particular, on prime power exponents, we have
for every non-negative integer n. By induction, we find that
This proves the proposition.
The following well-known propositions play a central role in the proof of Theorem 2.5.
Proof. This can be found on page 38 of [7] .
, then a f (0) = 0. Proof. By a simple generalization of Lemma 2.34 of [7] , it is known that every weaklyholomorphic modular form h(z) of weight 2 may be represented as P (j(z))E 14 (z)∆(z) −1 , where P (x) is a polynomial of x. Dropping the dependence on z for convenience, we have the following well-known identities
where w ∈ Z ≥0 . Therefore, it follows that h is the derivative of a polynomial in j, and so its constant term in the Fourier expansion is zero.
Remark. For more standard facts about modular forms the reader may see [7] . Theorem 2.4. Let p be a prime, and suppose that f (z) = ∞ n=1 a f (n)q n ∈ S k is a normalized Hecke eigenform. Let L f be the number field generated by the coefficients of f (z), and let p ∈ O L f be any prime ideal above p.
Here we strengthen this result for primes p ≥ 5 by extending it to all the k without any condition on δ(k).
Theorem 2.5. Let p ≥ 5 be prime, and suppose that f (z) =
, where k ∈ 2Z and O L is the ring of algebraic integers of a number field L.
(1) Suppose that a ≥ 0 and m ∈ A = {4, 6, 8, 10, 14} are integers for which
(2) Suppose that k ≤ 2, r, s ∈ Z ≥0 and t, u ∈ Z >0 are integers for which 
